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ABOUT BLOW UP OF SOLUTIONS WITH ARBITRARY POSITIVE 
INITIAL ENERGY TO NONLINEAR WAVE EQUATIONS 

B. A. BILGIN AND V. K. KALANTAROV 


Abstract. We show that blow up of solutions with arbitrary positive initial energy of 
the Cauchy problem for the abstract wacve eqation of the form Putt + Au = F(u) (*) 
in a Hilbert space, where P, A are positive linear operators and Ff) is a continuously 
differentiable gradient operator can be obtained from the result of H.A. Levine on the 
growth of solutions of the Cauchy problem for (*). This result is applied to the study 
of inital boundary value problems for nonlinear Klcin-Gordon equations, generalized 
Boussinesq equations and nonlinear plate equations. A result on blow up of solutions 
with positive initial energy of the initial boundary value problem for wave equation under 
nonlinear boundary condition is also obtained. 


1. Introduction 
We consider the following problem 

Pu tt + Au = F(u), (1.1) 

m(0) = m 0 , ttt(O) = Ml (1.2) 

in a Hilbert space H with the inner product (•, •) and the corresponding norm ||-|| . We 
denote by u a vector-function with domain [0, T ) and range D, where D is a dense linear 
subspace of H. Suppose that P, A are symmetric, positive definite, linear operators defined 
on D, F(-) : D —y H is a nonlinear gradient operator defined on D with the potential 
G{u) : D -A R. We assume also that 

(F(v), v) > 2(1 + 2a)G(v) — 2R 0 , Wv G D (1.3) 

for some a > 0, Rq > 0. 

For the sake of simplicity it is assumed that u(t) is a strong solution of (11.1ft . i.e. a solution 
u for which all terms in (II. Ill are elements of L 2 (0,T;//) and u(-),u t f) G (7(0, T; H). 
The idea of the concavity method of H. A. Levine introduced in pTTj is based on a con¬ 
struction of some positive functional \k(f) = i(}(u(t)), which is defined in terms of the 
local solution of the problem (the local solvability of the problem is therefore required) 
and proving that the function 'I' (t) satisfies the inequality (11.411 given in the following 
statement: 

Lemma 1.1. (see [TTjj Let 'k(t) be a positive, twice differentiable function ,which satisfies 
the inequality 

^"(t)^(t)-(l + «)[^ / (f)] 2 >0, t>t 0 (1.4) 

Key words and phrases. Global non-existence, blow up, differential operator equation, concavity 
method, positive energy, concavity method. 
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with some a > 0. If \&(£o) > 0 and T'^o) > 0, then there exists a time t\ < t 0 + 
such that T(f) —>■ —(— oo as t tf. 

The concavty method and its modihcations was used in the study of various nonlinear 
partial differential equations (see e.g. [T] , [I], [6] , [12] , [13] , [23],[20], [2l]). 


There is a number of papers devoted to the question of blow up of solutions to the 
Cauchy problem and initial boundary value problems for nonlinear wave equations with 
arbitrary large initial energy. 

One of the first results of this type is the result of H. Levine and G. Todorova [15] , 

The concavity method and its modihcations is employed to find sufficient conditions of 
blow up of solutions to the Cauchy problem and initial boundary value problems for 
nonlinear Klein - Gordon equation, damped Kirchhoff-type equation, generalized Boussi- 
nesq equaton, quasilinear strongky darned wave equations and some other equations (see, 
e.g.[2], [5] [TO], [16], [T7].[T9]. [ 22] , [24] and references therein). 

Our aim is to show that blow up of solutions with arbitrary positive initial energy of 
the problem (11.11) actually can be established by using the Lemma 11.11 and the following 
theorem on growth of solutions of the problem obtained in [113- 


Theorem i.2. mv Suppose that the P, A : D —> H are positive symmetric operators, 
F(-) : D —>• H satisfies the condition (ll.3|) and u is a solution of the problem (II.ip . (II.2|) . 
Suppose that the initial data satisfy the conditions 


(uo,Pui)/(uo,Pu 0 ) > 0, 


Then 


("o- Auq) + - (Pui, ui) - G(u 0 ) + 


Ro 

(1 + 2 a) 


< — (rto, Puf)^ / (mq, Puf). 


lim (u(t),Pu(t)) = +oo, 

t—H-oo 

if u(-) exists on (0,+oo). 


(1.5) 

( 1 . 6 ) 


2. Blow Up of Solutions to Abstract Wave Equations. 

In this section we fold sufficient conditions for finite-time blow up of solutions to the 
problem (11.11) . (j 1.2 [) when the initial energy may take arbitrary positive values. 

Theorem 2.1. Suppose that the operators P,A and F satisfy all the conditions of Theo- 
rem \1.2\ and suppose that there exists a 0 > 0 such that 

(Av,v) > a 0 (Pv,v), Vu G D. (2.1) 

Then there exists U > 0 such that 

lim (Pu(t), u(t)) = +oo. (2.2) 

Proof. Assume that all solutions of the problem (11.11) . (11.21) are global solutions, i.e. they 
are defined for all t G (0, +oo). Thanks to the Theorem 1 1.21 if u is a solution of the problem 

(HID, (H2D, then 


T(f) := ( Pu{t),u(t )) —>• +oo as t —> oo. 


(2.3) 
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On the other hand 




^"(t) = 2 (Pu t (t),u t (t)) + 2 (Pu tt (t),u(t)). 


Employing the equation (11.11) and the condition (jl.3[) we get 
^"(t) = 2 (Put(t),ut(t)) - 2 (Au(t),u(t)) + 2(F(u(t),u(t)) 


> 2(Pu t (t), u t (t)) — 2(Au(t),u(t)) + 4(1 + 2a)G(u(t) — 4R 0 


As usual, we define the energy as 


E (t) -= j(-P“i(*),“(<)) + lOti(i), u(t)) - G(u(t)), 


(2.4) 


and find that 



(2.5) 


By using the energy equality (12.51) we obtain from the last inequality that 


V"(t) > 4(1 + 2 a) ~(Pu t (t),u t (t)) - ^(Au(t),u(t)) + G{u{t )) 


+ 4(ck + 1 )(Pu t (t),u t (t)) + 4 a(Au(t),u(t)) - 4 R 0 
> —4(1 + 2ot)E(0) — 4i? 0 + 4 (ck + 1 )(Pu t (t),u t (t)) + 4 a(Au(t), u(t)). (2.6) 

Thus, by using the Cauchy - Schwarz inequality and the condition (12.ip we obtain 

T"(t)T(f) - (1 + a) [T'(t)] 2 > - (4(1 + 2a)E(0) + 4 R 0 ) T(t) + 4cm 0 T 2 (t) 

+ 4(cx + 1) [(Put(t), u t (t))(Pu(t), u(t)) - (Pu t (t),u(t)) 2 ] 

> [aa 0 v h(t) — 4(1 + 2a)E(0) — 4i? 0 ] T(t). (2.7) 

Thanks to the Theorem 11.21 the function 4/(t) tends to +oo as t —> +oo. Therefore, there 
exists t* > 0 such that 


aa 0 4>(t) — 4(1 + 2a)E(0) — 4 R 0 > S > 0, Vt > t 


Hence, (12.71) implies that 


T"(t)T(t) - (1 + a) [T'(t)] 2 >0, Vt > t 


Moreover, in view of the assumption on t* by using (12. ip we easily deduce from (12.61) that 


T"(t) > 5 > 0 Vt > t. 


Consequently, there exists some t 0 > t* such that 4/'(to) > 0. Now we can apply the 
Lemma fI~TI and deduce that 


(Pu(t),u(t))—> + oo, astt 1 . 


□ 
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3. Examples of Nonlinear Wave equations 


1. Nonlinear Klein-Gordon Equation Let u be a local strong solution to the Cauchy 
problem 

d 2 u — A u + m 2 u = \u\ 2 u, x E M 3 , t > 0, 


u(x , 0 ) = uq(x), d t u(x, 0 ) = 111 ( 0 ;), 


(3.1) 


where m > 0 is a given number, uq E H 1 (W n ), u\ E L 2 (K n ) are given compactly supported 
functions. 

The equation can be written in the form (11.11) with P = /, A = —A + m 2 I and F{u ) = 
I u\ 2 u. It follows from Theorem 12.II that if 




M | 2 + l|Vu 0 || 2 + m 2 KH 2 - 


\u 0 (x)\ 4 dx 


INI, 


(3.2) 


then the solution of the problem (13.11) blows up in a finite time. If w 0 is a smooth 
nonnegative, nontrivial compactly supported function then for u\ = the initial 

energy is 

1 771 ^ 

m = ^ n 0 \\ 2 +—\\ u 0 \\ 2 
and the condition (13.21) takes the form 

[ |'u 0 (o;)| 3 > \/2 [||Vw 0 || 2 + m 2 ||w 0 || 2 ] ^ ||w 0 ||- (3.3) 


It is clear that there is a wide class of functions Uq for which the energy takes any large 
value and the condition (13.31) holds true. 


Remark 3.1. The Theorem (12.11) holds true also for solutions of the initial boundary 
value problem for the nonlinear wave equation under the homogeneous Dirichlet boundary 
condition: 

d 2 u — A u + m 2 u = \u\ p u, x E fl,t > 0, 

u(x, 0) = u 0 (x), d t u(x, 0) = Ui(x), x E Q, (3.4) 

u(x,t) = 0, x E <912, i > 0, 

where p is an arbitrary positive number if n = 1,2 and p E (0, if n > 3. 

Let us note that this result easily follows from the results of T. Cazenave obtained in [3] 
for solutions of the problem (13.41) and the Theorem 11.21 of H. A. Levine. 

Indeed, T. Cazenave proved that each solution of the problem (13.4p either blows up in a 
finite time or is uniformly bounded. 

Thus, if the functions Uo,Wi satisfy the conditions of Theorem 11.21 that is 

1 

2 Nil, 

then the corresponding local solution of the problem (13.41) can not be continued on the 
whole interval [0, 00 ), i.e. it must blow up in a finite time. 


(u 0 ,u 1 ) > 


Mr+l|Vu 0 || 2 + m 2 NI|- 


p + 2 


\u 0 (x)\ p+2 dx 
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Example 3.2. Generalized Boussinesq Equation 

Similarly we can find sufficient conditions for blow up of solutions with arbitrary positive 
initial energy for the generalized Boussinesq equation 

d 2 u — aAu tt — A u + vA 2 u + A f{u) = 0, x G hi, t > 0 (3.5) 

under the homogeneous Dirichlet boundary conditions 

u = A u = 0, x G dfl, t > 0, 

where f(u) = \u\ m u + P m _i(w), m > 1 is a given integer, a > 0, u > 0 are given numbers, 
G M n is a bounded domain and P m _i(w) is a polynomial of order < rn — 1. Applying 
(—A) -1 to 03.51) . where —A is the Laplace operator under Dirichlet boundary conditions, 
we obtain an equation of the form 01.11) with P = (—A) -1 + al, A = I — vA and F 
replaced by /. It is easy to see that there is i?o > 0 such that / satisfies 01.3[) with 
G(u) = J Q f ( ’' f(s)dsdx and a — We consider initial data (uq,ui) G Hq(Q) x L 2 (Q). 
Since is bounded, the Poincare inequality assures that the assumption 02.11) is verified. 
Hence, the conclusion of Theorem 12.11 holds provided that the assumptions of Theorem 
11.21 are fullhllcd, that is uo,u± satisfy 

(Pu 0 ,ui) > 0, 


1 (Pu 0 ,ui) 2 

2 ( Pu 0 ,u 0 ) 


> E(u 0 ,ui) + 


Ro 


where 


1 1 f f u 0 

E(u 0 ,ui) = -(Pu 1 ,u 1 ) + -(Au 0 ,u 0 )~ / / (s)dsdx. 

^ * Jn Jo 


Let us prove that for any given number K 2 > 0 and any pair of functions 
[uo,iii] G Hq(Q) x L 2 (Vl) with 


(P-u 0 , ui) = 9> 0, (Pu 0 , u 0 ) = (Phi, hi) = 1, 

there are uncountably infinitely many data of the form tq = c t u, n q > 0, i = 0,1, such 
that E{uq,u\) = K 2 and the above conditions are satisified. Here, note that necessarily 
0 < 9 < 1. Observe that in this case it is enough to verify only the latter of the two 
conditions above. Rewriting this condition for the initial data of the form described 
above we find 


1 

2 


cl9 2 > E(c 0 u 0 , cihi) + 


2P 0 

771 + 2 


Thus, the question is, given K 2 > 0, can we find Co, Ci > 0 so that this inequality is 
satisfied together with the equality C\U\) = K 2 . So, let K 2 > 0 be given and fix 

any Ci > 9~ l \2K 2 + ] 2 . Note that, if for this fixed value of ci we can find c 0 > 0 such 

that E(coUo, C\U\) = A' 2 , then the inequality condition above is automatically satisfied, 
and we are done. It is easy to see that it is possible for any such ci. Indeed, since 9 < 1, 
we have 

-c 2 > K 2 
2 1 ’ 
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and consequently the continuous function 

H(c 0 ) := E(c 0 u 0 , ciin) - K 2 = ^c 2 - K 2 + ^cl(Au 0 , h 0 
has the property 

lim H(cq) = \cl — K 2 > 0. 

co->0+ 2 

Moreover, by the structure of / we have 

lim H(co) = — oo. 

Co—^oo 

Due to the intermediate value theorem we deduce that there is cq > 0 such that H{cq) = 0, 
and this finishes the proof. 

Example 3.3. Nonlinear Plate Equations It is clear that we can apply Theorem 12.11 
to find sufficient conditions of blow up of solutions to intial boundary value problems for 
the nonlinear plate equations of the form 



CQUQ 


f(s)dsdx 


n J o 


Utt + A 2 u + 


+ b\ 



'U'xixi 


+ 


^GQ + ^2 



'U'X2X2 


and 

u tt + A 2 u = f(u), x G D, t > 0, 
under the boundary conditions 


0, x G D, t > 0, 


u = A u = 0, x e dfl, 

where /(•) : R —y M is a continuous function which satisfies the condition 

f(s)s — 2(1 + 2 a)F(s) > —r 0 , Vs 6 M, (3.6) 

ro > 0, ai, ci 2 G M, b\ > 0, b -2 > 0 are given numbers, F(s) := j f * /(r)dr and Q C M 2 is a 
bounded domain with sufficiently smooth boundary dfl. 


Remark 3.4. Appliying Theorem l2.1l we can obtain similar results on blow up of solutions 
to 

• initial boundary value problem for improved Boussinesq equation 

u tt - A u a - A u + A 2 u + A 2 u a + A(/(«)) = 0, 

where /(•) is a smooth function which satisfies (13.61) . 

• Cauchy problem and initial boundary value for system of nonlinear Klein-Gordon 
equation 

{ u tt ~ Aw + m 2 u = uv 2 + hi(x), 
v tt — An + /.i 2 v = vu 2 + h 2 (x ), 

where hi, h 2 G L 2 (M 3 ) are given functions. 
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4. Second Order Wave Equation Under Nonlinear Boundary Conditions 
In this section we consider the following problem 

u t t — A u + bu = 0, (4.1) 

u(x, 0) = uo(x), u t (x, 0) = ufix), i6fl, (4.2) 

(4.3) 

where 12 C is a bounded domain with sufficiently smooth boundary, b > 0 is a given 
number, n denotes the outward directed normal to <912 and /(•) : M —> M is nonlinear term 
that satisfies the condition (13.6p . 

The energy equality in this case has the form 

7 1 


du 

— = f(u ), x G <912, f > 0, 
dn y J 


E(t) :=-Mt)||i 2(n) 
where 


-||Vu(i)||| 2 (n) + - ||m(^)||l2(q) 


F(u(x,t))dcr = E 0 , (4.4) 


an 


E n = 


2 I II2 ^ 


L 2 (U) + «l|VMo|| £ 2 (n) + a ll^oII l 2 (o) _ / F(u 0 (x))d 


a. 


on 


Set 


T(f) = \\u(t)\\ 2 L 2(ty, t > 0, 

where u{t) is a solution of the problem (14.lft - (14.31) . Then employing the equation (14.11) . 
the boundary condition (14.31) and the condition (13.6p we obtain 

T"(t) > 2||w i (f)||^ 2 ( Q ) — 2|| Vu(t)||| 2 ( n ) — 2&||w(t)||2 2 (Q) + 4(1 + 2a) f F(u)da — 2 R 0 , 

on 

where Rq = |<912|ro. Utilizing the energy equality (14.41) from the last inequality we obtain 
that 

v b ,, (t) > —4(1 + 2a)Eo — 2R 0 + 4(1 + a)\\ut(t)\\ 2 L 2 ^ 

+ 4 «l|V«(t)||i2 (n) + 4a&||u(*)||£ 2(n) . (4.5) 
Employing (14.51) , similar to the proof of the Theorem 11.21 we can show that if 


(lIO, Wi)l2(q) 

ll M olli 2(n) 


> 2 Eq + 


Rn 


> 0 , 


then 


1 + 2 a 
—> +oo as (A +oo. 


(4.6) 

(4.7) 


*(*) = ll“Wlli>(n) 

Finally arguing as in the proof of the Theorem 12.11 we get the inequality 

tf"(t)tf(t) - (1 + a) [tf'(t)] 2 > (4cffiT(t) - 4(1 + 2 a)E 0 - 2R 0 ) T(t). 

Thanks to the last inequality and the Lemma 11.11 we proved the following 

Theorem 4.1. If the conditions (14.6p are satisfied, then the interval of existence [0, T) 
of solution to the problem (14. 1 D - (14.31) is finite. Moreover 


\u 


L 2 (U) ^ +°° as t T 
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Remark 4.2. Theorem 14.11 holds true also for the equation 

u tt — A u = 0, x E £},t > 0 
when a nonlinear boundary condition of the form 

du 

u(x,t) = o, xet i, — = xer 2 ,t>o, 
where Ti U T 2 = dfl, mes(T i) ^ 0. 
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